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Crack growth in composites can be analyzed by a strategy of two independent steps.  The 
first step, based on the material strength theory, is used to predict the damage mechanism, 
damage pattern, and the crack growth path.  In the second step, fracture mechanics is used 
to determine the failure loads.  The procedure of this strategy is demonstrated by laminated 
double cantilever beam and fracture coupons (center crack, inclined crack and compact 
tension) made of stitched warp-knit fabric composites. 

I. Introduction 
HE crack growth in composites is a complex phenomenon, even under static loading.  Currently, two major 
groups of theories exist in the crack growth analysis for composites: material strength theory and fracture 

mechanics theory.  Each has its own advantages and disadvantages.  This paper works towards a strategy to combine 
the two theories and therefore, it involves an analysis procedure of two steps.  Fig. 1 shows the scheme of such 
strategy with GENOA/PFA, a failure analysis product of Alpha STAR Corporation.  

The first analysis, based on the material 
strength theory, is used to determine the damage 
mechanism, damage pattern and the crack path.  
In this analysis, the failures such as fiber 
breaking, fiber kinking, matrix cracking, and 
fiber/matrix interface debonding can be detected 
based on different failure criteria (stress, strain, 
or the combination of stress and strain such as 
distortion energy).  The advantage of this 
approach is that it does not require the 
predefined crack path.  However, in the case of 
removing the damaged elements can create the 
stress singularity.  Therefore, a second analysis 
is performed based on the fracture mechanics 
theory to improve the prediction capability for 
the failure loads. 

In the second analysis, the node pairs are 
embedded along the crack path that was 
determined from the first analysis.  A cohesive 
zone model (CZM) was used to account for the 
processing zone at the crack tip due to micro 
cracking, fiber bridging, coalescence of voids 
and other resources of micro level interactions 
in composites.  DCZM (discrete cohesive zone 
model) is a numerical approach to implement 
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Figure 1. Scheme of crack growth strategy in composite 

under static loading with GENOA/PFA 
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CZM in conjunction with finite element analysis (FEA) and is used to control the crack growth.  The advantages of 
DCZM are its insensitivity to the FEA mesh size and the its capability of modeling material softening without severe 
convergence difficulties. 

To illustrate this two-steps analysis strategy, this paper begins with a laminated double cantilever beam (DCB) 
example.   The crack propagation path is determined by the modified distortion energy (MDE) criteria.  Then, 
DCZM was used to predict the load vs. deflection curve.  Different values for the cohesive strength may generate 
very different load vs. displacement curves, for both the peak load and the curve shape.  To determine the unique 
curve cohesive strength, calibration is required.  This calibration procedure was then illustrated by analyzing four 
fracture specimens made of stitched warp-knit fabric. The calibration from a narrow central crack panel (CC2) 
determines the cohesive strength is 65% of the tensile strength measured from regular tensile coupons.  With this 
value for the cohesive strength, the DCZM was applied to other specimens such as the wide central crack panel 
(CC4), the inclined central crack panel (IC) and the compact tension (CT).  The relative errors for the predicted 
maximum load by DCZM are –3%, -2% and –3% compared to the corresponding test data for CC4, IC and CT, 
respectively. Also, DCZM successfully captures the nonlinear features that were observed in the test curves.  In 
summary, the first analysis based on material strength is qualitative while the second analysis based on fracture 
mechanics is quantitative.  This two-steps analysis strategy could be a practical tool for engineers to investigate 
crack growth problems in composite structures. 

II. Summary of Formulations 
 
A. Interactive Strength based Failure Criteria [1-5] 
 Progressive failures are detected by failure criteria locally at laminar ply level. The first set of twelve failure 
modes is directly associated with the positive and negative limits of the six local stress components in the material 
direction.  For normal stress, the three criteria are:  

 
TllCl SS 111111 <<σ ,   TllCl SS 222222 <<σ ,   and TllCl SS 333333 <<σ                                (1) 

 
where the subscripts “l”, “C” and “T” refer to layer, compression and tension, respectively.  “S” represents material 
strength.  Six values of normal strength are required as inputs.  These values can be measured from standard coupon 
tests.  “σ” represents stress state that is computed in a finite element analysis.  For shear stress, the three criteria are 
 

121212 lll SS <<− σ ,  232323 lll SS <<− σ ,  and 131313 lll SS <<− σ                                    (2) 
 

Three values of shear strength are required as inputs. 
 The second set has one failure mode that is determined by a combined stress failure criterion, or modified 
distortion energy  (MDE) failure criterion: 
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where α and β indicate tensile or compressive stresses, Sl11α is the local longitudinal strength in tension or 
compression, Sl22α is the transverse strength in tension or compression, and the directional interaction factor is 
defined as:  
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where '

12αβlK  is a theory-experiment correlation factor.  
 

B. Discrete Cohesive Zone Model (DCZM) [6-20] 
In fracture mechanics, strain energy release rate (G) is one of the fracture parameters that are used increasingly.  

VCCT (virtual crack closure technique) is a numerical method that was introduced to compute G in conjunction with 
FEA [6-7].  Then G is compared against the fracture toughness of a coupon to predict the crack growth.  This 
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Figure 2. Definitions of the local coordinate system 

 
 

Figure 3. Triangle type cohesive law 

method requires a sharp crack tip of elastic material with small yielding zone around the crack tip.  When material 
non-linearity at the crack tip is negligible, this technique has been proven to be effective in predicting crack 
initiation and the subsequent growth. 

However, for composites, the material non-linearity at the crack tip cannot be neglected.  For composites, there 
exists a processing zone ahead of crack tip due to micro cracking, fiber bridging, coalescence of voids and other 
resources of micro level interactions.  This processing zone makes the crack tip blunt and thus invalids the VCCT.  
CZM was introduced to account for this damage zone (or material softening) that develops near the crack tip. The 
crack is initiated when the stress attains the cohesive strength and the crack front is advanced gradually as the 
fracture energy is exhausted [8]. 

CZM can be implemented with FEA by using continuum type elements when the CZM is considered as a 
continuous compliant layer [9-13, 20].  Another version for implementation is to treat the CZM as a discrete spring 
foundation [14-19].  In this case, spring type elements are used to accommendate the model.  We refer to the first type 
as CCZM (continuum cohesive zone model) and the second type as DCZM (discrete cohesive zone model).  In this 
paper, DCZM is used.  The current DCZM applies the cohesive law to the spring force vs. displacement separation 
and has advantages such as (1) no element aspect ratio trouble since the spring can be zero elongation;  (2) The 
cohesive strength can be scaled to the nodal force to avoid the severe mesh dependency. 

For a crack line in the global space ),,( ZYX with crack tip at nodal pair (1,2), see Fig. 2, the effective cohesive 
zone size is   

( ) ( ) ( ) 2/2
35

2
35

2
35 ZZYYXXa −+−+−=∆                                                         (5) 

 
where, ),,( 333 ZYX and ),,( 555 ZYX are the global coordinates for nodes 3 and 5 shown in Figure 2.  The crack tip 
opening u∆ , v∆ and w∆ are computed between nodes 1 and 2 in the global coordinate system and projected into the 
local coordinate system to obtain 1δ , 2δ and 3δ , corresponding to mode I, mode II and mode III, respectively. Same 
procedure is applied to the local nodal forces 1F , 2F , and 3F at the crack tip.  
 

For the triangle type cohesive law shown in Fig. 3 and the mode I fracture, the cohesive nodal force ( CF1 ) is 

calculated based on the cohesive strength ( C1σ ), body thickness at crack tip (B) and cohesive size ( a∆ ): 
 

aBF CC ∆= 11 σ                                                                                (6) 
 

In equation (6), the nodal force CF1  is scaled to the FEA size by a∆  to eliminate the FEA mesh dependency. The 
critical opening at the crack tip is 
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Figure 4. Dimensions of DCB Figure 5.  Crack path predicted by 
GENOA/PFA with Failure Criteria 

Where, K1 is the cohesive stiffness for mode I.  Refer to the triangle cohesive law shown in Fig. 2, the energy 
required to fracture is the area covered by the triangle.  Based on this, the maximum separation ( m1δ ) is  

ICmc G=112
1 δσ                                                                            (8) 

 
Or, equivalently, 
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Where ICG is the mode I fracture toughness.   

Now the triangle to represent the cohesive law is determined.  Next, we apply the cohesive zone law 
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If m11 δδ > :          0.01 =K  and ICI GG =                                                                            (10b) 
 
For the mixed mode fracture, same procedure is applied to Mode II (sliding) and Mode III (twisting).   Once the 
following criteria is satisfied, 
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release all the spring in all the directions between nodes 1 and 2 and then the crack tip advances. 
 

III. Results and Discussions 
Two examples are used to illustrate the strategy.  First, a laminated double cantilever beam is analyzed.  The 

mesh sensitivity of mesh size and the effect of the cohesive strength are investigated.  Next, four fracture specimens 
made of stitched warp-knit fabric are studied to demonstrate the calibration procedure for cohesive strength. 
 
A. Double Cantilever Beam Made of Laminate [20] 

A double cantilever beam (DCB) of laminated composites was studied first.  Alfano and Crisfield have studied 
the same problem with VCCT and CCZM [20]. As a pure mode I problem, the DCB was loaded by displacement 
control.  The geometry is described in Fig. 4.  The laminate properties in analysis are: E11=135.3GPa; E22=9.0GPa; 
G12=5.2GPa; ν12 =0.24 and fracture toughness for mode I is GIC=0.28 N/mm [20].  

 
First, run GENOA/PFA without DCZM [21].  The GENOA/PFA predicts that the crack grows along the initial 

crack line, shown in Fig. 5. Next, the DCZM is applied along the crack path shown in Fig. 5.  Figs 6 to 8 show the 
results of different case studies.  The VCCT results by Crisfield and by GENOA/PFA are also shown as references.  

Figure 6 studies the displacement increment sensitivity.  In this case, a 400 elements FEA model was used.  The 
cohesive strength is chosen as σ1C=0.285MPa and cohesive stiffness (K1) is 200·104 N/mm.  Four different 
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Figure 7.  Mesh sensitivity study 

Figure 8.  Cohesive strength study 

Table 1.  Summary of crack length 

* These values refer to the projected crack length for the inclined cracks 

Figure 6.  Displacement Increment study 

displacement increments (0.2mm, 0.1mm, 0.05mm, 0.01mm) were studied.  One can see that the result from 0.2mm 
increment significantly differs from the others.  However, as the displacement increment becomes fine, the results 
are converged.  As a result, the load vs. displacement curves of 0.01mm and 0.05 mm are almost the same.  For this 
case, increment of 0.1mm can generate very good results. 

 
Figure 7 shows the load vs. displacement curves from 

two mesh sizes: 400 and 1200 elements, respectively.  In 
this study, the displacement increment is 0.1mm. The 
cohesive strength is chosen as σ1C=0.285MPa and 
cohesive stiffness (K1) is 200·104 N/mm.   From Fig. 7, one 
can see that the present DCZM is not sensitive to the mesh 
size once a reasonably dense mesh is used. 

Figure 8 shows the load vs. displacement curves from a 
seris of cohesive strength.  In this case, mesh 400 is used 
and the displacement increment is 0.1mm.  The cohesive 
stiffness (K1) is 200·104 N/mm.  As the cohesive strength 
increases, the maximum load increases.  For lower 
cohesive strength, the shape of the curves differs from that 
of VCCT, which VCCT assumes the linear elastic type 
material.   The cohesive strength needs to be calibrated 
from coupons based on both the curve shape and the 
maximum load to account for the material nonlinearity.   

 
 

B. Fracture Coupons Made of Stitched Warp-Knit Fabric [22] 
McDonnell Douglas (now Boeing) will design and build an all-composite wing for a commercial transport 

aircraft as a part of NASA’s AST Composite Wing Program.  This requires that the wing maintain adequate strength 
after sustaining detectable impact damage and discrete source damage.  AS4 carbon warp-knit fabric, using 
technologies adapted from textile industry, is among candidate composites. Therefore, a serious of tests was 
conducted to measure the facture toughness of such composites.  

Three types of test specimens were 
evaluated: central crack (CC), inclined crack 
(IC), and compact tension (CT).  For CC, two 
specimens were tested: one is 2.0 inch wide 
(CC2) and the other is 4.0 inch wide (CC4).  
Table 1 summarizes the data for crack length of 
each case.   

The composite contains AS4 fibers in 0º, 
±45º and 90º directions.  By area weight, 44% 
of the fibers were configured in the 0º direction, 
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Table 2.  Summary of fracture toughness 

Figure 9.  CC2 is used for calibration 

Figure 10.  Comparisons between test and predictions for CC4

44% in the ±45º directions, and 12% in the 90º direction (page 2 of [22]).  Based on this, the thickness of each 
laminar can be estimated.  The elastic constants for the material are: E1=10.4Msi, E2=5.22Msi, νxy=0.403, and 
νyz=0.202 (page 4 of [22]).  The average value of tensile strength from coupon tests is 119.2ksi. (Table II of [22]). 

Table 2 summarizes the data for fracture 
toughness of each type of specimens.  The critical 
values for stress intensity factors (KIQ and KImax) are 
measured from tests.  The critical values for strain 
energy release rates (GIQ and GImax), which will be 
used as inputs for DCZM analysis, are estimated by  
 

1

2

E
KG =                                  (12) 

The CC2 is chosen for the calibration of the cohesive strength. Fig. 9(c) shows the stress vs. COD (crack 
opening displacement) curves from test (thick solid black line), VCCT (thick dashed black line) and DCZM (thin 
lines with different colors).  For VCCT, the predicted maximum stress is 52.5ksi, which is 81% of the test data 
(64.5ksi).  The relative error is –19%.  The stress vs. COD curve predicted by VCCT is sudden load drop 
immediately after the maximum stress. It does not capture the nonlinear portion of the test curve.  The DCZM 
successfully captured this 
feature.  Different cohesive 
strength values, 100%, 
70%, 65% and 50% of the 
tensile strength (119.2ksi) 
are run to perform the 
calibration.  For 65% 
cases, where cohesive 
strength is 77.48 ksi, the 
predicted maximum stress 
is 64.6ksi.  The relative 
error is +0.2%.  This 
accuracy is sufficient.  
Therefore, we consider the 
value of 77.48ksi as the 
cohesive strength of this 
material and apply it for 
other cases. 

First application example is CC4, which is an enlarged CC2.  Figure 10 shows the stress vs. COD cures from test 
(thick solid black line), VCCT (thick dashed black line) and DCZM (thin red line).  Again, VCCT predicted a 
sudden load drop that differs from the test.  The predicted maximum stress is 49.5ksi.  The test data is 58.8ksi.  The 
relative error is –16%.  
VCCT is only valid for 
elastic materials.  It is not 
a surprise to see a large 
discrepancy since the 
current material shows 
significant nonlinear 
behavior.  For DCZM, it 
successfully captured the 
nonlinear feature.  The 
predicted maximum stress 
is 57.6 ksi which has the 
relative error of –2.7%.   
The DCZM prediction 
agrees well with the test. 
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Figure 11. predictions for IC

     
 

Figure 12.  Comparisons between test and predictions for CT 

 
Figure 11 shows 

the stress vs. COD cures 
predicted by VCCT and 
DCZM for the IC.  In this 
case, the test data is not 
available in Ref [22].  The 
measured maximum stress 
is 61.3ksi.  The VCCT 
predicts the maximum 
stress of 45.0ksi.  The 
relative error is -26%.  The 
DCZM predicts the 
maximum stress of 60.0ksi 
and relative error is –2.1%.  
The DCZM result agrees 
with the test data very 
well. 

Finally, the DCZM is applied to CT.  Figure 12 presents the load vs. COD curves from test (thick black line), 
VCCT (thick blue line) and DCZM (thin red line).  The load vs. COD has a different feature this case due to 
different configuration of CT than the other three (CC2, CC4 and IC).  The VCCT predicts the maximum load of 
1.44 kips.  The measured maximum load is 2.31kips.  The relative error is –37%.  The DCZM prediction for this 
value is 2.21kips.  The relative error is –3%.  DCZM captures the feature of the load vs. COD curve. 

 

IV. Conclusion 
A two-steps analysis strategy was introduced to deal with the crack growth problems under static loading.   In 

the first analysis, the damage mechanism, damage pattern, and the crack path were obtained.  In the second analysis, 
discrete cohesive zone model (DCZM) was used to control the crack growth.  The procedure was demonstrated by 
two examples: DCB of laminate and fracture coupons of stitched warp-knit fabric.  The calibration process was 
illustrated.  This two-steps analysis strategy could be a practical tool for engineers to investigate crack growth 
problems in composite structures. 
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